We construct one-parameter complex analytic families whose special fibers are complete toric varieties. Under some assumptions, the general fibers of these families also become toric varieties and we can explicitly describe the corresponding fans from the data of the fans corresponding to the special fibers. Using these families, we give a deformation family for a certain toric weakened Fano 3-fold. Moreover, we get some examples of toric weakened Fano 4-folds.
Introduction
It is well-known that the Hirzebruch surface F a (a ≥ 0) of degree a is deformed in a oneparameter family to F a−2k , where k is a positive integer such that a − 2k ≥ 0. Especially, if a ≡ a ′ (mod 2), then F a and F a ′ are homeomorphic. In this paper, we generalize this classical result to certain nonsingular complete toric varieties. Namely, for a nonsingular complete toric d-fold V which have a toric fibration onto P 1 such that its general fiber is isomorphic to either P d−1 or a toric bundle over P 1 , we construct a complex analytic family {V t } t∈C such that V 0 ∼ = V and that {V t } t =0 are mutually isomorphic. Moreover, under some assumptions, the general fiber of this family can be explicitly described by the data of the fan corresponding to V .
As an application of this construction of families, we give deformation families for some toric weakened Fano varieties, that is, nonsingular toric weak Fano varieties which are not Fano but are deformed to Fano varieties. Toric weakened Fano d-folds are classified for d ≤ 3 (see Sato [8] ). Moreover, we get some examples of toric weakened Fano 4-folds.
The content of this paper is as follows: In Section 2, we review the homogeneous coordinate of a toric varietiy, which is a key to our main result. In Section 3, we construct complex analytic families of nonsingular complete varieties over C as stated above. In Section 4, as an application of the construction, we study deformations among P d−1 -bundles over P 1 . In Section 5, we give some examples of toric weakened Fano 3-folds and 4-folds using the families constructed in Section 3.
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Homogeneous coordinates of toric varieties
In this section, we recall homogeneous coordinates of toric varieties (see Cox [3] and Oda [7] ).
Let N = Z d with elements regarded as column vectors, M := Hom Z (N, Z), N R := N ⊗ R, M R := M ⊗ R and Σ a fan in N. Throughout this paper, we mean by a cone a nonsingular rational cone and by a fan in N a nonsingular fan which contains at least one
determines a unique element e(τ ) ∈ N which generates the semigroup τ ∩ N. We call
the set of primitive generators of Σ. Put G (σ) := σ ∩ G (Σ). We introduce variables {X ρ | ρ ∈ G (Σ)} and consider the polynomial ring S := C [X ρ | ρ ∈ G (Σ)], which we call the homogeneous coordinate ring of the nonsingular toric d-fold V corresponding to Σ.
On the other hand, by the exact sequence
we have an exact sequence
is the class of the T N -invariant prime divisor D ρ corresponding to ρ. In this setting, the following holds.
under the action of G, and V is the geometric quotient of C G(Σ) \ Z by G. We denote
We need the following proposition for this description.
Proposition 2.2 (Cox [3] , Theorem 2.1). For any σ ∈ Σ, we have
where U σ ⊂ V is the affine toric subvariety corresponding to σ.
Constructions of families
In this section, we construct one-parameter complex analytic families whose fibers are nonsingular complete varieties. Especially, the special fibers are nonsingular complete toric varieties. This is a generalization of the classical results on deformations among Hirzebruch surfaces.
Let N := {n ∈ N | the d-th coordinate of n is 0} and Σ a complete fan in N. For a complete fan Σ in N containing Σ as a subfan, we define subfans of Σ as follows:
= {σ ∈ Σ | the d-th coordinate of n is nonnegative for any n ∈ σ} Σ − := {σ ∈ Σ | the d-th coordinate of n is nonpositive for any n ∈ σ}
Then we have Σ = Σ + ∩ Σ − . We denote by V (resp. V + , V − , V ) the nonsingular toric variety corresponding to the fan Σ (resp. Σ + , Σ − , Σ).
Remark 3.1 V has a toric fibration V → P 1 whose general fiber is isomorphic to V .
In the above situation, let
Suppose that V is isomorphic to either P d−1 or a toric bundle over P 1 . If V is isomorphic to a toric bundle over P 1 , suppose that the T N -invariant prime divisors on V corresponding to e 1 and a 1 correspond to fibers. Suppose further that {e 1 , . . . ,
For a nonnegative integer k, we construct a complex analytic family. 
. . .
in Pic(V ), respectively. Using these equalities, we calculate the homogeneous coordinates
since ϕ is compartible with the action of G and G + by (1), ϕ induces the isomorphism ϕ :
is the homogeneous coordinate of V − corresponding to e 1 , . . . , e d−1 , a 1 , . . . , a ρ , c 1 , . . . , c n , respectively.
respectively. So, similarly as (2) and (3), we have isomorphisms (X × . These two coordinates are related as follows:
We construct a one-parameter family of toric varieties parameterized by t ∈ C by changing this relation: Let {V t } t∈C be the family we obtain by patching V + and V − along V by the
This is well-defined, since D 1 = A 1 in Pic( V ) and the combinatorial structures of the neighborhoods of e 1 and a 1 in Σ are equivalent by the assumption V is isomorphic to either P d−1 or a toric bundle over P 1 . Thus, we have the following.
Theorem 3.2 {V t } t∈C is a complex analytic family whose special fiber V 0 is isomorphic to V .
Next, we calculate the general fibers of this family under some assumptions. We introduce some notation.
For any q = (q 1 , . . . , q d−1 ) ∈ Z d−1 we can define a complete fan q − Σ in N as follows:
where q − σ is the image of σ under the automorphism of N R corresponding to the matrix acting from the left on the elements of N = Z d regarded as column vectors
We denotes by q − V the nonsingular toric d-fold corresponding to the fan q − Σ. In fact, since V is isomorphic to either P d−1 or a toric bundle over P 1 , this is a morphism, and we can easily construct the inverse of this morphism. By the automorphism
given by the relations (7), we havex 
corresponding to the equalities (8) . Similarly, by the assumption
we get an automorphism (X 
Projective space bundles over the projective line
The classical results for deformations among Hirzebruch surfaces are well-known. As a generalization of this results, for P 2 -bundles over P 1 , Nakamura [6] showed the following.
Proposition 4.1 (Nakamura [6] ) For integers a, b, c, a
Then the following are equivalent.
(ii) There exist P 2 -bundles over
(iii) V and V ′ are homeomorphic.
We generalize the case (1) =⇒ (2) [2] and Sato [9] . We use the notation as in Section 3.
Let V be a P d−1 -bundle over P 1 , that is, 
the conditions in Theorem 3.3 are satisfied. Therefore, there exists a one-parameter complex analytic family {V t } t∈C such that
We show that for
) and V i−1 is deformed by a one-parameter family to V i for any 1 ≤ i ≤ m. 
Weakened Fano varieties
The following definition is important for the birational geometry.
Definition 5.1 Let V be a nonsingular projective variety. V is called a Fano (resp. weak Fano) variety if its anti-canonical divisor −K V is ample (resp. nef and big).
The following definition was proposed by Minagawa [5] in connection with "Reid's fantasy" for weak Fano 3-folds. In this section, we give a deformation family for a certain toric weakened Fano 3-fold using the families constructed in Section 3. Toric weakened Fano 3-folds are completely classified by Sato [8] . Moreover, we give some examples of toric weakened Fano 4-folds.
We use the notation as in Section 3.
Example 5.3 Let V be the nonsingular toric weakened Fano 3-fold of type X 3 0 in the sense of Sato [8] , that is, the primitive relations of Σ are 
